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Abstract—For multiple extended object tracking (MEQOT), data
association and object extension estimation are key problems, and
the number of measurements generated by each object plays a
key role in both problems. For data association, probabilistic
multiple hypothesis tracking (PMHT) naturally assumes multiple
measurements can be assigned to a single object and has a
linear computation complexity, and thus it fits MEOT well. In
existing PMHT approaches to MEOT, the measurement number
is usually used for data association only, not for direct extension
estimation. Since the measurement number contains the extension
information, e.g., an object with a bigger extension tends to
generate more measurements given the sensor resolution, utilizing
the measurement number for extension estimation is expected
to improve the tracking performance. This paper proposes a
PMHT approach combined with a random-matrix model using
extension-dependent measurement numbers. The proposed ap-
proach derives a new auxiliary function of which the likelihood
function part reflects the extension information contained in the
measurement number. Then, using Expectation-Maximization,
analytical forms of iteration formulae for kinematic states and ex-
tensions of multiple objects can be obtained approximately. Since
more information is considered, the tracking performance of
MEOT is improved, especially in extension estimation. Simulation
results demonstrate the effectiveness of the proposed approach.

Index Terms—Multiple Extended Object Tracking, Probabilis-
tic Multiple Hypothesis Tracking, Extension-Dependent Measure-
ment Number, Random Matrix, Expectation-Maximization

I. INTRODUCTION

On account of increased radar resolution, multiple mea-
surements can be obtained for a single object per scan [1].
The number of measurements generated by an object depends
on the object extension, the sensor-to-object geometry, and
the radar resolution [2]. Based on multiple measurements,
not only the kinematic state but also the extension of an
object can be estimated. Such an object is usually called
an extended object (EO). For extension estimation, it is not
trivial because the correspondence between a measurement and
a measurement source generating it cannot be distinguished
easily [3]. Moreover, in practice, there are usually multiple
objects in the surveillance area. The simultaneous estimation
of the kinematic state and the extension of each object is
referred to as multiple extended object tracking (MEOT). For
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MEQOT, the assignment of measurements to objects, i.e., data
association, needs to be conducted due to the measurement ori-
gin uncertainty. Data association in MEOT is also complicated
since each EO can produce multiple measurements, of which
the number depends on the object extension. In conclusion,
extension estimation and data association are key problems in
MEOT and make MEOT challenging.

For extension estimation, there are abundant approaches
based on diverse models, such as the random-matrix model
(RMM) [1], the random-hypersurface model [4], [5], the
Gaussian process model [6], etc. Therein, a Bayesian approach
using the RMM was first proposed in [1] to jointly estimate the
kinematic state and the elliptical extension of an EO. Because
of the concise recursion form, the RMM appears promising
and several further developments have been proposed in [3],
[71, [8], [9], [10], [11], [12], etc. In the above RMM-based
approaches, estimations of the kinematic state and the exten-
sion are usually based on the statistics of measurements [2].
However, as described in [2], the measurement number also
contains the object extension information since the number
is related to the extension, the sensor-to-object geometry,
and sensor resolution. Based on the relation, a novel RMM-
based approach is proposed in [2] to improve the tracking
performance using not only the statistics but also the number
of measurements. To our knowledge, the approach in [2] is
the first one that directly utilizes the measurement number to
estimate the object extension.

For data association, there are also lots of algorithms, such
as joint probabilistic data association (JPDA) [13], multiple
hypothesis tracking (MHT) [14], [15], probabilistic multiple
hypothesis tracking (PMHT) [16], etc. Therein, PMHT has a
linear computation complexity [18] and adopts a soft decision
for data association. In particular, it assumes assignments of
measurements to objects as stochastically independent vari-
ables [16]. This assumption implies that multiple measure-
ments can be assigned to the same object [18], and thus it
fits MEOT naturally. Under this assumption and given the
object number [16], the kinematic state and the extension of
each object can be estimated iteratively using Expectation-
Maximization (EM). For each iteration, all variables are
updated to maximize the auxiliary function (Q-function). In



theory, the auxiliary function should contain all available
information including the object dynamics and the measure-
ment process. However, for existing PMHT approaches to
MEOT, such as those combined with RMMs [17], [18], only
the information of object dynamics and measurement values
is contained in the auxiliary function, whereas extension-
dependent measurement numbers are not contained explicitly.
That is, the number of measurements generated by each
object is not directly used for estimation in existing PMHT
approaches to MEOT.

This paper proposes a PMHT approach combined with a
RMM using extension-dependent measurement numbers for
MEOT. The measurement number of each object is important
for both data association and extension estimation in MEOT.
For data association, its main difficulty arises from the un-
known measurement number of each object, where the number
depends on the object extension. For extension estimation, the
measurement number itself contains the extension information.
Therefore, the tracking performance of MEOT is expected to
be improved by utilizing extension-dependent measurement
numbers. In our work, to utilize extension-dependent mea-
surement numbers, the RMM proposed in [2] is incorporated
into the PMHT framework. First, a new auxiliary function
is derived where extension-dependent measurement numbers
are reflected in the likelihood function part. Then, using an
approximation, the likelihood function in the auxiliary function
has the same form as that in [2], and thus the analytical
forms of the iteration formulae for the kinematic state and the
extension of each object can be obtained easily. Based on the
above, a PMHT approach to MEOT with extension-dependent
measurement numbers is proposed. The effectiveness of the
proposed PMHT approach is demonstrated by simulation
results, compared with existing PMHT approaches which are
combined with other RMMs.

This paper is organized as follows: Section II reviews
RMMs and the PMHT logic. Section III derives a new aux-
iliary function considering extension-dependent measurement
numbers and proposes a new PMHT approach to MEOT based
on it. Simulation results are presented in Section IV, and
Section V concludes this paper.

II. REVIEWS
A. Random-matrix models

In the RMM, the kinematic state of an object at time k is
denoted by a random vector zy, e.g., vx = [pf,pr]T with
the positional state component pi. The elliptical extension is
modeled by a symmetric positive definite (SPD) random ma-
trix X, € R?¥? with the spatial dimension d. The conditional
probability density function (PDF) is assumed as [1]

plor, Xkl Z%) = plak] Xi, Zp[ X1 | Z2¥)
= N (@g; Zpji, Projre @ Xi)IW( X Opojie, X))
where Z%¥ = Zi.4, and Z;, = {2}, ..., 2%} denotes the set

of nj measurements at time k; N (m, %)) denotes the normal
distribution with mean m and covariance matrix >; “®” stands

(D

for the Kronecker product; ZW(Y'; a,C') denotes the inverse
Wishart distribution defined as [19]
a—d—1 a
IW(Y;a,0)=c C| 2 |Y]| 2etr(=CY1/2) (2)
where C' € R%*? and Y € R%*4 pboth denote SPD matrices;
a > 2d is the degree of freedom; etr stands for exp(trace(-)),
and c is a normalization factor.
The dynamic model for the kinematic state is given as [1]

wg ~ N(0, Dy, ® Xy) 3)

T = Prrp_1 + wy,

where @, = Fj, ® Iy with F} denoting the dynamic matrix
in the one-dimensional physical space, and I; € R**? is
an identity matrix; 0 is a zero vector of an appropriate
dimension; Dy can be viewed as a coefficient of the co-
variance matrix of the independent process noise wy, €.g.,
Dy, = o2[dt? /2, dt]T[dt? /2, dt] with the sampling interval dt
and the sigma of the acceleration noise oy.

Assuming the extension is nearly time-invariant, the dy-
namic model for the extension is modeled as [1]

P[Xk| Xk—1] = W(Xk; Onjr—1, Xp—1/0kk—1) 4)

where Jy,—1 denotes the degree of freedom; W(Y'; a, C) with
a > d — 1 is the Wishart distribution for the SPD matrix
Y € R¥*¢_ and it’s defined as [19]

(a—d—1)

W(Y;a,0) =c HC| 2 Y] 2

etr(—=C7'Y/2). (5

To describe the complex extension variation, the dynamic
model for the extension X}, is extended as [3]

PIXk|Xp—1] = W(XL; 0k, A X1 AT ) (6)

where A;, € R?*? describes the specific evolution mode of
the extension, e.g., a rotation.
The measurement model is assumed as [1]

s M (7

where z; denotes the r-th measurement at time £; I:Ik =
Hy ® I; with Hjp denoting a measurement matrix in the
one-dimensional space, e.g., Hr = [1,0] for the position
measurement; v;, denotes an independent observation noise,
and it is postulated as v}, ~ N (0, X}) in [1]. To describe the
observation distortion in practice, it’s further extended as [3]

v ~ N (0, B, X, BY) (8)

zp = Hyzp +o, r=1, ..

where Bj, € R%*d describes the distortion of the observed
extension.

Recently, to model the dependency between the object
extension X and the measurement number n;, a Gamma-
alike distribution has been proposed as [2]

A (nk)/tk—l
Nk Pk, Xi) = = exp(—nra ,
p(r; pe, Xi) T ()0 p(—nraxSr)
A o _
B = prtr (X1 X 1)/ gk )

O = 9k|Xk\1/2/Mk7
ai 2 1/E[0;,8,] 2]



where p, denotes the shape parameter; g relates the object

volume with the average measurement number as in [2].
Based on the measurement models (7), (8), and (9), the

overall likelihood function at time k can be given as [2]

D2\, Xi] = p[Zk|ng, o1, X&) X plng|er, Xi]
o N(Zk;f{kxk,BkaBkT/nk) (10)
x W(Zy;mi, — 1, BeXk By ) X p(ng; pue, Xi)
with
Zy = - — 7).
= sz k= Z( Zk) (21 — Zk) Y

r=1

In conclusion, given parameters of plrr_1, Xp_1|2F71,
i, {Zr—1p—1, Pe—1jk—1, Pk—1|k—1, Xp—1k—1}» the Bayesian
approach in [2] first predicts the parameters according to
dynamic models (3) and (6), and obtains the predicted param-
eters {Zpk—1, Prlk—1, ﬁk|k_1,Xk|k_1}. Then, based on the
measurement 7, and the likelihood function (10), the updated
parameters {Z i, Px|k, Ok, Xk|k} can be calculated using
both the measurement values Zj and the extension-dependent
measurement number 7. For details of the above calculations
refer to Table II in [2].

B. The PMHT logic

As described earlier, PMHT adopts a soft decision logic
for data association. In particular, the assignments at time
k are modeled as discrete random variables U, = [u}]*,
with the measurement number 7. Furthermore, each wuj
with r € {1,2,...,nx} is assumed stochastically independent
and identically distributed, and the prior probability mass
function (PMF) of each wj, can be modeled by parameters
O, = [#]M_, [16]. For example, ul = m means the -
th measurement z; is assigned to the m-th object at time
k, and pluj, = m] = 7} for each r € {1,2,...,n;}. Note
that a fixed number of M objects is assumed here. Then, the
unknown parameters 11, are also required to be estimated, and
thus the task of multi-object tracking can be modeled by the
optimization problem [16]

(X,ﬁ) 2 argmaXZp[X,H, U|Z5]
U

12)

where the bold capital letter X = XX = [X,]K | with X,
denoting all object states at time k, i.e., X;, = [z1"]M_, with
™ denoting the state of the m-th object; IT = ITX = [IT;]X_ |,
U UK = [U)E_,, and ZK = [Z,)K_| with Z), = {2} }]"",.
PMHT attempts to track multiple objects by solving (12),
and then the object trajectories X can be obtained. In particu-
lar, the assignment variable U is regarded as a hidden variable,
and then a local optimum of the problem (12) can be obtained
by EM which is an iterative batch algorithm. Each iteration
includes an E-step and a M-step. Denote the iteration index
by 4, and then X and II( denote the i-th iteration results.
During the (i + 1)-th iteration, in the E-step, the auxiliary

function is calculated based on the ¢-th iteration results as
[16]

Q(X, I; X, 11(9)

= {Inp[X,ILU, zXp[U] 2%, XD, T1D]}.
U

Then, in the M-step, (X1 TI(+1) is evaluated to max-
imize the auxiliary function (13). The E-step and the M-step
are conducted iteratively until the auxiliary function converges
or the iteration number reaches a limit /. After that, a local
optimum (X TI)) can be obtained, and meanwhile the
estimated object trajectories X = X@ can be output.

13)

III. A NEw PMHT APPROACH TO MEOT WITH
EXTENSION-DEPENDENT MEASUREMENT NUMBERS

A. General Consideration

As described in Section II-B, the tracking results are ob-
tained by maximizing the auxiliary function which theoret-
ically should contain all available information, such as the
object dynamics and the measurement process [18]. Thus, the
formulation of the auxiliary function is significantly important.

In [18], to track multiple extended objects, an auxiliary
function combined with the RMM in [1] is derived by in-
troducing object extensions into the object variables X, such
that Xy, = [(7*, X™)]M_,. The formulation of the auxiliary
function is given as [18]

Q(X, X, ) Z {In{pl='Ip[X¢"]}
K
+ 3 In{plaf ey, XPIPIXT X ]}
k=1
& (14)
+ ZZ Z{wrm( Inplzg|zi, X'}
k=1r=1m=1
K ng
3235 S sy
k=1r=1m=1
with
m(7) ram(i) vm(i)
rm(z) _ T [ | X ] 15
i )t gy ()
Dom—1 e PlElE L X
where & Am( ) = [x;”(i)|Zk] and X;"(i) = E[X,l"(i)|Zk}.
Note that only the measurement values {z}}*, with k €

{1,2,..., K} are used, whereas the measurement number of
each object is not considered explicitly. Since the measurement
number contains the object extension information, a new aux-
iliary function containing extension-dependent measurement
numbers is expected to result in better tracking results.

B. A New Auxiliary Function

In this section, a new auxiliary function combined with
the RMM in [2] is derived to consider extension-dependent
measurement numbers.



According to the general formulation of the auxiliary func-
tion (13), the first term on the right-hand side is called the
complete data log-likelihood and can be expanded as

Inp[X, I, U, Z¥] = In{p[X]p[U|X, M|p[Z ¥ |X, U]} (16)

with
M K
p[X] = H H{p[m?‘x?—lyXIT]p[XIT‘XlT—l]}
M
X H{ [z0']p[ X"}
m=1
K K ng
plUX, 1] = [] plO[Xe, T = [T TT pluk 1]
k=1 k=1r=1
= H ﬂzk,
k=1r=1
K
plZ5 X, U] = [ [ 2k, n| X, Uk
k=1
K ng
11 {{ Lot X7 (19
k=1 r=1
M ne
x4 Hlp(zril L(uj = m);ukszT)}}

where P[II|X] is omitted in (16) since II is a parameter rather
a random variable; (17) holds because the kinematic state
and the extension of each object are assumed Markovian and
each object is assumed statistically independent; (18) follows
from the independent assignments uj, with k € {1,2,..., K}
and r € {1,2,...,n5}; Y%, 1(u}, = m) with the indicator
function 1(-) in (19) corresponds to the measurement number
assigned to the m-th object. As the Gamma-alike distribution
(9) is adopted in (19), the dependency between measurement
numbers and extensions is considered explicitly.

For the second term in (13), named posterior assignment
weights, it can be evaluated as [18]

p[U]2%, X, 1]
K ng

_kHHZ

nk .
— H H w;uk(l).
k=1r=1
Substituting (16) and (20) into (13) yields the formulation
of the new auxiliary function as (21).

uk(i) ['r‘| uy, (4) Xuk()]

) )

“plz Bl Xy (20)

Furthermore, based on the following identities:
K Nk

Tu
2 I Tw™ =1,
U k=1r=1
K ng K ng

> ITITwi —Z > TTITwi —Zw”k :
U k=1r=1 " U\up’ k=1r=1
K ng K nyg Mg

ST -3 5 [T - S

U k=1r=1 Upr U\Us k=1r=1 U, r=1
(23)

where ZU\U,, means the sum over all indices in U except
uj’, and ZU\U means the sum over all indices in U except
Ui/, (21) can be further simplified as (22).

Remark 1: Compared with the original auxiliary function
(14), the new auxiliary function (22) takes the extension-
dependent measurement number of each object into account,
by introducing the Gamma-alike distribution [2] and the indi-
cator function 1(-) into the likelihood function part. That is,
more information is considered in the new auxiliary function.

Note that the new auxiliary function (22) can be divided into
two parts: one is the part of assignment parameters II and the
other is the part of the object variables X. The factorization
form of the auxiliary function can be given as

K . .
= Qur (i X, 11

k=1

+ Z Q% (#lg, XT. K,ng),Xf?](;),H(i))

m=1

Q(X, ;X ™ 1)
(24)

where the term of single-object variables (z77;, X7 ) can be
given as

QR (T, XTics 2, XTI T o pla|p[ X7
I (el X p X7 1 X 11}
k=1
m Tk rm(i)
H (NG B, X7/ ™) (25)
XIW( m(z) (ZT 1w;m(i))71 Xlzn)
Tk ruy (1)
XlU—[[P(ZT:l]l(Uk— s Hk, Xi') Hw 3
A
with
>m(1) Tk (@) r Tk
Z, = zp)l/
Zr:l ZT:I (26)

m(i Tk rm (i r _m(i r _m@i)\ T
Z00 =3 qwp O - ) e - ),

NOR R,
R0 nmh
wy, Inm,
1 k=1r=1
K nyg

QX IX™, 1) =

k=1r=1

k=1r=1

K ny K
+ ; T I wp Zl {m{p[xo X + S In{plal oy, XXX}

k=1
K ng

ruk( 1) Z Zlnp Zklxuk Xuk] +Z H H rug (i) Z Zp Zril 1(uyp, =m); pg, X5°).

U k=1r=1

m=1 k=1

2n



K npg

Q(XHX()HU)fZZZ[w

k=1r=1m=1
M ng

k=1m=1r=1

lnwkk]-l- Z{
S S ID D TINETEITCI P 35 95D 1 s

In{p[zg']p[ X"} + Z In{plz’| x%”17X12”]p[X"L|X;2”1}}}

k=1 )

2

rug (i)

1(uf = m)s o, X7 [ wp ).
k=1m=1 Uy, r=1

and the term of single-frame assignment parameters Il is

2

ZZlnﬁk

r=1m=1

rm( )

Q. (T X O TIO) 27)

where w;m(i) can be evaluated as (15).

The above factorization form (24) facilitates the derivation
of iteration formulae during the M-step. In particular, the
object variables X (“+1) and the assignment parameters IT(+1)
can be evaluated separately.

C. Iteration Formulae in EM

In this section, analytical forms of iteration formulae for
(XD 11041 are derived based on the factorization form
of the new auxiliary function (24). _

First, for object variables X(i+1), each (27"{T1), x {71y
with m € {1,2,..,M} can be evaluated separately due
to the independence assumption, and it aims to maximize
(25). However, an analytical form of the iteration formula
for (27 X)) cannot be obtained directly according
to (25). The reason is that the predicted distribution of the
kinematic state and the extension p[xf, X;*|Z*~1] is not a
conjugate prior with respect to the likelihood function in (25).
To construct a conjugacy such that an analytical formula can
be obtained, the following approximation is proposed:

[T 1

Nk ;
oY) o™, X,

Based on the approximation (28), the auxiliary function term
of single-object variables (z7%;, X7 ) becomes

Nk .
m); e, X [T wi )

r=1

(28)

QR (e, Xhes i, X1 D) o plap[X ]

K
LT (plei oy, X p (X | X 1]}
1

~
Il

(29)

>

sm(), Hk:Em X]Zn/(znil w;m(i)))

{NV (%

< IW(Z D (0w — 1, X

Nk rm
x<p(y_ " 0™ X}

where the likelihood function at each frame has the same

form as the likelihood function of the RMM in [2], i.e.,
(10). Therefore, the iteration formulae for (z"{:""), X (+1)
can be obtained easily according to the Bayesian approach
proposed in [2] with Zk, Zy,, and ny, replaced with Z,T(Z),

7" and 3wl ™", respectively.

x>~
Il
—

Remark 2: When there is only one object, i.e., M =

rm(i) _ always holds for each r € {1,2,...,ny}, and thus
*m( ), 2" and 2wl ™ are exactly equal to Zy, Zk.,
and Nk respectlvely In this case, the proposed new PMHT
approach reduces to the Bayesian approach in [2].

In addition, since EM is a batch algorithm, subsequent mea-
surements can be used to smooth previous object estimates.
Thus, the Bayesian smoothing approach for extended objects
can be adopted to improve the estimation as (the iteration index
i+ 1 is ignored for clarity) [20]

Tk = i + V@ L)@k — )

P’z?K = PI:?k - Y(Plﬁuk - PﬁuK)YTa

byt = Ot + (07 1k — O — 2(d +1)%/6%) /n, 30)
Xitie = X+ A7 (X — X004,/ (Gen),

Y = P F (Plage) ™
n =1+ 0k = 0 — 3(d+1))/ 0.

where {:%ZTK,PHK,QZ‘TK,X}:‘IK} denote all estimates of the
m-th object at time &k conditioned on measurements until
time K, i.e., the smoothed estimates at time k; Likewise,
{j;”H‘K, P,:’jrllK, @ﬁulf’X}?iuK} represent the smoothed
estimates at time k£ + 1. Note that the smoothed estimates at
time k are based on the smoothed estimates at time k£ + 1, so
the smoothing procedure is conducted in reverse chronological
order, i.e., the estimates at time K are smoothed first.

For assignment parameters IT0T1) | each HSH) with k €
{1,2,..., K} also can be evaluated separately. The value of
H,(;H) should maximize (27) with the constraint Z T =
1. It can be solved easily by introducing a Lagrangian multi-
plier and has the following form [18]:

77,2”(”1) = (Znil wrm(l )/ng, me{l,2..,

In conclusion, a complete iteration procedure for
(XO+D TIG+D) s presented in Algorithm 1, based on
Bayesian approaches in [2] and [20].

M}. 31)

D. The PMHT Approach with Extension-Dependent Measure-
ment Numbers

In this section, the overall procedure of the proposed PMHT
approach to MEOT with extension-dependent measurement
numbers is elaborated.

1) Initialization: As described earlier, the EM in PMHT is
a batch algorithm. Thus, after receiving a new measurement
set Zx 41 at time K + 1, a new measurement batch ZE+1 —
[Zy] 5 is constructed to estimate (X*+1 TIX+1). To reduce
the computation, a sliding window of a fixed-length L,, can
be employed. In particular, only the variables within the last



Algorithm 1: The (i + 1)-th Iteration Procedure in EM

Input: {7 ﬁzlé?, Pku((), AZT%%X’”@ } with
me{l,..,M} and k € {1,...,T}, {27,

P ﬁg",Xg”} with m € {1, ...,M},
measurements Z X, detection probability Py,
range resolution p,., azimuth resolution py, and
elevation resolution p,,
Output: {wm(7+1) i;”g?l),
Pm““%@:}ﬁ?” Xk +UY with
me{l,..,M}and ke {1,..,T}
forall m € {1, 2, ,M} do
forall k € {1,2,..., K} do
forall » € {1,2,...,n;} do
| wy™® — (15)
Update each assignment parameter:
a3y
Predict the kinematic state and the
extension of each object:

k|K

jmk—l =(Fr® Id)i;n(1)|K
Py = F P FE + Dy
Moot = 07 o —2d —2
0Okt DA 2)
Offh—1 = e 1,\2 (Akk 11+5k)k 2 +4
m O m(1)
Xk|k 1= w1 —2d — 2)Aka 1|KAT
Update the kinematic state and the
extension of each object:
(EZL(L)a m(t)) — (26) /d ()
m 2 r
Sk:HkPMk 1 + Byl TN w ™
Ky = P,;"Lk_lHTS_
A _m(i m
Gk =z, R — (Hp ® Id)xk\k—l
i‘mﬁl) Typlp—1 T (K @ 1a)Gy
Pt = — KSR T
~m,0 _ rm(i)
Ui = Vot + 2oty wy
~m(i+1) _ ~m,0
Okl = Vg T Mk
Ny = S; ' GG,
% m —17m(i) p—T
‘X;k|k Xk|lc 1+ N+ B, 2,7 By
Uk = UIZ\Lk  —d—

be = 27%2d (0, — 1)Ta[(8} — 1)/2|T [0} /2]
Prie—1 = (@70 ) THT Hydph,_]"?
R Pdﬂ/(mk 1prpy),  d=2
Ik APy /(377 1prPopa), d=3
k rm(i)y ¥m
Xm(erl) _ Xm ,0 2u5 (3 0k, wy )Xk lk—1
k|k klk T PYRE ‘1/2

k|lk—1
Smooth the kinematic state and the extension of

each( ObB]eCt (i+1) (i+1) (i+1)
~m(i+1 m(i+1) ~m(i+1 m(i+1
(Zyx Py Ok Xk|K ) <= (30)

L., frames are estimated based on these measurements also
within the last L,, frames. For clarity, K +1 < L,, is taken

here as an example. Then, (XX+1(0) TTK+1(0)) need to be
initialized, where the part of (X(®) TT%(0)) can be obtained
directly from the estimation at time K. For Xg?l—v it can be
obtained by prediction using the dynamlc models (3) and (6).
For HEK)H, it can be set up as same as [y for simplicity.

2) Iteration: After initialization, all parameters and variables
are updated iteratively according to Algorithm 1. In particular,
in each iteration, the assignment parameters II can be updated
easily according to (31), and the object variables X are first
predicted and updated according to the Bayesian approach
in [2], then they are smoothed according to the Bayesian
approach in [20].

3) Output: The iteration is repeated until the auxiliary func-
tion converges or the iteration number reaches a limit /. Then,
the estimates (X +1(1) TIX+1(1)) can be output, of which pa-
rameters include {ﬂ;n(l), :%le%ll, P,zTI((IJ)rP 6,:”&11, X,:llgjrl}
with k € {1,2,..., K+ 1} and m € {1,2,.... M

IV. SIMULATION AND ANALYSIS

This section considers a simulated scenario where multiple
extended objects exist simultaneously to demonstrate the ef-
fectiveness of the proposed new PMHT approach to MEOT,
and compares the following four approaches:

1) PMHT-E1: The PMHT approach proposed in [18] (re-
ferred to as PMHT-E in [18]) with the extension scale factor
A = 1 for covariance estimates;

2) PMHT-E2: The PMHT approach proposed in [18] with
the extension scale factor A = 1/4 for covariance estimates;

3) ET-RM-PMHT: The PMHT approach mentioned in the
simulation section in [21] (referred to as ET-RM-PMHT in
[21], which combines PMHT with the RMM proposed in [3]);

4) New-PMHT: The new PMHT approach proposed in our
work.

In the scenario, four extended objects move as a nearly
constant velocity (CV) model with initial states [—2.5m,
60m,0m/s, —10m/s|T, [~20m,37.5m,10m/s,0m/s]T,
[2.5m,10m,0m/s,10m/s]T and [20m,32.5m,—10m/s,
0m/s]T. All objects have a length of 5m and a width of
2m, and they are surveilled by a radar fixed at the origin.
The radar has a range resolution p, = 1m, a range accuracy
o, = 0.1m, an azimuth resolution py = 37/180rad, and an
azimuth accuracy oy = 7/180 rad. For the generation of
measurements at each frame, first, polar measurements with
Gaussian noises are generated on resolution cells occupied by
each object with the detection probability P; = 0.3 [2]. Then,
each polar measurement is transformed into the Cartesian
coordinate to facilitate the RMM. There are 50 frames in
total and the sampling interval dt = 0.1s. Fig. 1 displays
ground truth trajectories and measurements for one run.

For all compared approaches, a nearly CV model is used
with the sigma of the acceleration noise o, = 0.5m/s?,
and the temporal decay constant d; = 100. The sliding
window size and the maximum iteration number in EM are
both 10. The number of objects is assumed as known, and
thus the initialization of each object can be done easily by
employing a clustering algorithm on the measurements of



the first frame. For the ET-RM-PMHT and the New-PMHT,
Ay =1/6,/% and By = (1/4X .y + R)V2X /% where
the measurement noise covariance in the Cartesian coordinate
Rj, can be obtained approximately as [9]

Ry = Jydiag (o}, 07) I}
cos 0y,
sin 6y,

—1, sin 0, (32)

J =
k 7} cOS 0},

where 7 and 6 can be approximated as the relative distance
and the relative azimuth between the object center and the
radar, respectively. Moreover, the shape parameter p; = 0.5
for the New-PMHT.

The comparison results include the root-mean-square av-
eraged errors of position estimation (referred to as RMSE-
X), extension estimation (referred to as RMSE-X), and the
root-mean-square of averaged Gaussian Wasserstein Distance
(referred to as RMS-GWD). These metrics are evaluated over
M, = 100 Monte Carlo runs as follows [7], [22]:

RMSE—x;

M. M 2
1 ~ 1 [ m,e r m,t (33)
RMSE—-X,,
M 2
1 (34)
- { Sl X:::H},
mC—1 m=1
2
RMSE-GWDy = | ~— Z l Z GWD}!
mr_l
(35)
with
GWDy, = Hflkx - szm * ’ + tr[ X% 36)
+X;2ij 2((X$’t )1/2Xme (X:Trlzclf )1/2)1/2}
where x ek and :r ;. denote the estimated kinematic state

and the truth kmematlc state for the m-th object at time

\L@ O . Measurements
O

—— Ground truth
50 O

® ooo %oooo
= OO OO

20 @
0 OT

—40 -20 0 20 40
x(m)

Fig. 1. Ground truth trajectories and measurements for one run.

k during the m, Monte Carlo run, respectively; Likewise,
X, and X7 ! denote the estimated extension and the truth
extensmn for the m-th object at time k during the m. Monte
Carlo run, respectively.

The estimated trajectories and the comparison results are
presented in Fig. 2 ~ Fig. 6. As shown in Fig. 4, all
approaches have similar performances on position estimation.
This similarity has been found in [2]. For extension estimation,
the proposed New-PMHT outperforms other approaches as
shown in Fig. 5, because the extension-dependent measure-
ment number is utilized to improve the extension estimation.
A detailed result of extension estimation at the 24th frame
is presented in Fig. 3, which is consistent with the result of
RMSE-X as the extension estimated by the New-PMHT is
closer to the ground truth. Moreover, the proposed New-PMHT
also has lower RMS-GWDs as displayed in Fig. 6. Since
the RMS-GWD is a comprehensive metric for evaluating the
tracking performance of elliptical EOs [22], the effectiveness
of the New-PMHT can be demonstrated again.

V. CONCLUSION

For tracking multiple extended objects, a new PMHT
approach combined with a random-matrix model using
extension-dependent measurement numbers is proposed. In
the proposed approach, not only the measurement values but
also the extension-dependent measurement numbers are fully
utilized. A new auxiliary function is derived based on both
pieces of information, and analytical forms of the iteration
formulae for the kinematic state and the extension of each
object are obtained approximately using EM. The proposed
approach has better tracking performance of MEOT, especially
in extension estimation, because the extension information
contained in the measurement number is used.

Simulation results demonstrated the effectiveness of the
proposed PMHT approach to MEOT, compared with other
existing PMHT approaches that use only measurement val-
ues. Future research will be focused on extending extension-
dependent measurement numbers to more multi-object track-

60 - Measurements @ —-— PMHT-E2
—— Ground truth @ % ----- ET-RM-PMHT
50 4 == PMHT-E1 —== New-PMHT
40
e @@@ \D @ DD
= ‘av @@@
30
20 @
©m
T T T
-40 -20 0 20 40

x(m)

Fig. 2. Object estimated trajectories for one run.



ing

approaches, e.g., PMHT with track management and

multiple hypothesis tracking (MHT).
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